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1. Fundamental notions 



In 1985, V. T. Filippov introduced the concept of n-Lie algebras, and the first 
basic example of an n— Lie algebra was given. He also developed such structural 
notions as simplicity, solvability and classified (n+1)— dimensional n— Lie algebras 
over the field of characteristic zero. Sh. M. Kasymov has studied fc— solvability, 
nilpotency (0 < A; < n) and Cartan subalgebras. A. P. Pozhidaev studied some 
kinds of the infinite dimensional n— Lie algebras. 

The purpose of the present paper is to investigate two classes of finite dimen- 
sional n— Lie algebras, elementary n— Lie algebras and algebras. 

First we recall some fundamental notions: 

Definition 1.1 An n-Lie algebra is a vector space A over a field F with an 
n-ary multi-linear operation [,•••, ] satisfying 

= • • (1.1) 

n 

[[Xl, • • • , y2, • • • , yn] = ■ ■ ■ ' [^«' • • • , yn], • • • , (1-2) 

i=l 

where a runs over the symmetric group Sn and the number T{a) e {0, 1} depend- 
ing on the parity of the permutation a. 

Definition 1.2 Let A be an n-Lie algebra, A subspace B of A is called an 
n-Lie subalgebra if [B, B, - ■ ■ ,B] C B. A subspace I of A is called an ideal of A 
[I , A, ■ ■ ■ , A] C I. If [/, I,A,---,A] = 0, then I is called an abelian ideal of A. A 
is called simple if [I, I,A,---,A] ^ 0, and has no ideals expect itself and {0}. 

Definitionl.3 A derivation of an n-Lie algebra is a linear transformation D 
of A into itself satisfying 

n 

D{[xi, • • • , Xn]) = Y^[X1, ■ ■ • , D{Xi), ■■■,Xn], (1-3) 

i=l 

for xi, ■ ■ ■, Xn & A. All the derivations of A generate a subalgebra of Lie algebra 
gl{A) which is called the derivation algebra of A, and denoted by DerA. 

Definition 1.4 An ideal I is called nilpotent if F = Q for some r > 0, where 
/° = / and by induction, define = [L"^ , I , A, ■ ■ ■ , A] for some s > 0. When 
A = I, then A is called nilpotent n—Lie algebra. 

Definition 1.5 We call 

N^iH) ^{xeA,[x,H,---,H]CH} (1.4) 

the normalizer of H, where H is a subalgebra of A. 
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Proposition 1.1[15] Let A be an n-Lie algebra , then A is strong semi-simple 
if and only if A can he decomposed into the direct sum of simple ideals, i.e. 

A = Ai® ■ ■ ■ ® Am, the decomposition of A is uniqueness. 

Proposition 1.2 A is an n—Lie algebra, tt : A — > A/I is the canonical 
homomorphism, then there exists a one to one correspondence between the ideals 
(subalgebras) of A containing I and the ideals (subalgebras) of A/ 1, that is if J 

is an ideal (subalgebra) of A containing I, then n{J) is an ideal (subalgebra) of 
A/I, conversely if W is an ideal (subalgebra) of A/I, then t:~^{W) is an ideal 
(subalgebra) of A containing I. 

2. Main results of the Frattini subalgebra of n—Lie algebras 

In this section we study the Frattini subalgebras of finite dimensional n—Lie 
algebras over a field F. We shall give some results of the Frattini subalgebras, 
which are useful for the next section. 

Definition 2.1 A proper subalgebra M of an n—Lie algebra A is called max- 
imal, if the only subalgebra properly containing M is A itself. 

Definition 2.2 The Frattini subalgebra, F{A), of A is the intersection of all 
maximal subalgebras of A. The maximal ideal of A contained in F(A) denoted by 
4>{A). An n—Lie algebra A is said to be ^—free if (f){A) = 0. 

If Xi, ■ ■ • , Xfc G A, we shall denote the subspace of A and the subalgebra of A 
generated by a^i, • • • , by {{xi, • • • , Xk)) and {< Xi, ■ ■ ■ ,Xk >) respectively. 

Let V denote a finite-dimensional vector space over a field F of characteristic 
zero. Let GL(y ) be the automorphisms group of V, A subgroup G of GL{V) will 
be called an algebraic group, if there is a subset B of the polynomial functions 
on HomK{V, V) such that 

G = {e:eeAut{v),b{e)^o, ybeB}. 

Then G is a Lie group and we shall write L{G) for the Lie algebra of G. 

The follow theorem is proved by the theory of algebraic groups as expounded 

in Chevalley [16, 17] 

Theorem 2.1 Let V be a finite- dimensional vector space over a field F of 
characteristic zero, and let W he a subspace ofV. Suppose that G is an irreducible 
algebraic group of automorphisms ofV . Then W is invariant under G if and only 
if it is invariant under L{G) . 

Theorem 2.2 If A is an n—Lie algebra over a field F of characteristic zero, 
and B is a subspace of A which is invariant under all automorphisms of A, then 
B is invariant under all derivations of A. 

Proof Let F = {G : G is an algebraic group of automorphisms of the 
vector-space structure of A such that DerA C L{G)}. Then, if Aut{A) is the full 
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automorphism group of A (as an n— Lie algebra), Aut{A) e F. Set 

G{A) = n{G : G e r} < Aut{A). 

It is known that G{A) is an irreducible algebraic group such that DerA C 
L{G{A)) [17]. By Theorem 2.1, we see that B is invariant under L{G{A)), and 
hence under DerA. 

Theorem 2.3 If A is an n—Lie algebra over a field F of characteristic zero, 
the Frattini subalgebra, F{A), of A is a characteristic ideal of A. 

Proof Simply notice that F(A) is invariant under all automorphisms of A, 
and recall that the adjoint representation [10] of A are derivations of A. 

Corollary 2.4 If A is an n—Lie algebra over a field F of characteristic zero, 
the Frattini subalgebra is equal to the Frattini ideal of A, that is F[A) — ^{A). 

Definition 2.3 An element x of an n—Lie algebra A is called a non-generator 
of A, if whenever S is a subset of A such that S and x generate A, that is 
(< x^S >) = A, then S alone generates A, that is {< S >) = A. 

Definition 2.4 1) The Frattini series of an n—Lie algebra A is the sequence 
of subalgebras {Fi}, where Fq — A and Fi is the Frattini subalgebra of for 
i > 0. 

2) The Frattini index of A is the least integer r such that Fr = 0. 

By the Definition 2.2 Fi is strictly contained in so that all finite di- 

mensional n—Lie algebras have finite Frattini index. And if A is abelian n—Lie 
algebra, then Frattini index is one. 

First we give the following important characterization of F{A): 

Theorem 2.5 The Frattini subalgebra F{A) is the set of non-generators of 

A. 

Proof First we prove that F{A) contains all non-generators of A: 
Assume that x is a non-generator of A and x is not contained in F{A). Then 
there exists a maximal subalgebra M of A such that x is not contained in M. 
Thus Ml = (< M,x >) properly contains M, since M is a maximal subalgebra, 
then Ml = A. But {< M >) = M A, this contradicts the fact that a; is a 
non-generator of A. Therefore, x e F{A). 

Now we prove that for any x e F{A), x is a non-generator of A: 
Suppose the contrary, that is there exists x e F{A) and the subset S of A 
such that {< S,x >) = A but {< S >) ^ A, thus x is not contained in (< S >). 
Let M be a maximal subalgebra of A which contains {< S >). By Definition 2.2 
and X e F{A), x e M, thus A ^ {< S,x >) C {< M,x >) ^ M, so we get 
M — A. This contradicts that M is a maximal subalgebra of A. The proof is 
completed. 

Proposition 2.1[8] Let A be an n—Lie algebra overF, then the following 
statements hold: 
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(1) If B is a subalgebra of A such that B + F{A) — A, then B — A. 

(2) If B is a subalgebra of A such that B + (f){A) — A, then B — A. 

Proposition 2.2[8] Let A be an n—Lie algebra, B an ideal of A, then the 

following statements hold: 

(1) {F{A) + B)/B CF{A/B), {c^{A) + B)/B C d{A/B). 

(2) If B C F{A), then F{A)/B = F{A/B), <p{A)/ B = 4>{A/ B). 

(3) IfF{A/B) = Q((t){A/B) = o;, then F{A) C B ((t){A) C B). 

Proposition 2.3 Let A be an n—Lie algebra over ¥, then 

F{A)QA\ (2.1) 

Particularly, if A is abelian, then F[A) = 0. 

Proof li A = A^ = [A,---,A], then the inclusion (2.1) holds. If A ^ A^, 
and F{A) ^ A^, suppose x e F{A), x ^ A^, there exists a subalgebra B of A such 
that A^ C B, X ^ B and dimB — dim A — 1. Hence S is a maximal subalgebra of 
A which does not contain x. This contradicts x e F{A). Therefore, F{A) C A^. 

Theorem 2.6 [8] Let A be an n—Lie algebra over F, if A has the decom- 
position: 

A = Ai+---+A^, (2.2) 

where Ai, i = 1, ■ ■ ■ ,m are ideals of A, then 

(1) F{A)(ZF{A,) + --- + F{A„,)- 

(2) (/)(A) =0(Ai) + --- + 0(A„). 

Proposition 2.4 Let A he a nilpotent n—Lie algebra over F, then each max- 
imal subalgebra M of A is an ideal of A and F{A) — A^. 

Proof // A is nilpotent, then there exists a positive integer m such that 

A^ A^ D A^ D ■■■ D A"^ = 0, 

where = [A*^^, A, - ■ ■ ,A]. For any maximal subalgebra M of A, there exists a 
positive integer I, such that A'- + M ^ M, but + M = M. We have 

[A' + M, M, • • • , M] C A^+^ + M ^M, 

that is, Na{M) D A'' -\- M ^ M. In particular, if M is a maximal subalgebra of 

A, then Na{M) ~ A, that is M is an ideal of A. And A/M is nilpotent n—Lie 
algebra, A/M has no proper ideal of A/M, thus [A/M, ■ ■ -^A/M] = 0, A^ C M, 
and A^ C F{A). From the Proposition 2.3, F{A) = A^. 

3. Elementary n—Lie algebras 

Definition 3.1 An n—Lie algebra A is said to be elementary if ^{C) — for 
every subalgebra C of A. 
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Definition 3.2 An n—Lie algebra A is called an E— algebra if ^{B) C ^{A) 
for all subalgebras B of A. 

Lemma 3.1 Let B be an ideal of an n—Lie algebra A, and U be a subalgebra 
of A which is minimal with respect to the property that A — B + U. Then Bf]UC. 
$(f/). 

Proof Suppose that B f]U is not contained in ^{U), since [/ is a subalgebra 
of A, B an ideal of A, then [Bf]U,---,U] C U, i.e. Bf]U is an ideal of U, and 
Bf]U is not contained in F{U). Then there exists a maximal subalgebra W oiU 
such that B(^U is not contained in M , U = B + A = B + {B^U + M) ^ 
B + M, which contradicts the minimality of U . The proof is completed. 

Lemma 3.2 Let A be an elementary n—Lie algebra, then for every ideal B of 
A, there exists subalgebra C of A such that A — B+C. 

Proof Let B be an ideal of an n—Lie algebra A and choose C to be a 
subalgebra of A which is minimal with respect to the property A — B+C, by 
Lemma 3.1, we have fiRC C $(C) = 0, then A = B+C. 

Theorem 3.1 Let A be an elementary n—Lie algebra, then the following state- 
ments hold: 

(1) Any subalgebra of A is elementary; 

(2) Any quotient algebra of A is elementary; 

(3) The direct sum of finitely many elementary n—Lie algebras is elementary. 
Proof (1) Let B he a subalgebra of A and C be a subalgebra of B, then 

C is a subalgebra of A and $(C) = 0, hence the proof (1) is completed. 

(2) If B is an ideal of A, by Lemma 3.2, there exists a subalgebra D such 
that A/B = D, since D is a subalgebra of A and D is elementary, then A/B is 
elementary. 

(3) Let Ai,A2,---,A^ be elementary n—Lie algebras, and every Ai,i = 
1, • • • , m is an ideal of A, we shall prove A — Ai is elementary. We prove 
the result by induction on m. When m = 2, A = Ai Q) A2, if S is a. subalgebra 
of A, then S/Ai n S = Ai + S/Ai C A/Ai = A2, hence <^{S/Ai n S) = and 
by proposition 2.2 that $(5") C Aid S, similarly ^{S) C n S", and $(5*) C 
Ai n A2 = 0, then A is elementary. Suppose the result holds for m — 1, from the 
case of m = 2, it is clearly the case holds for m. The proof is completed. 

Definition 3.3 An n—Lie algebra A be called complemented if the subalgebra 

lattice of A is complemented, that is, if given any subalgebra B of A, there is a 
subalgebra C of A such that B nC = and B LiC — A, where BUC denotes the 
subalgebra of A generated by B and C. 

In order to prove Theorem 3.2, we need following result 

Lemma 3.3 If A is an elementary n—Lie algebra over the field F of charac- 
teristic zero, then A is complemented. 

Proof We prove the result by induction on dim A. The results is trivial 
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for the case dim A — 0, suppose the result holds for dim A < n, now we prove 
the case dimA = m, let B he a proper subalgebra of A, by Theorem 2.5 and 
Corollary 2.4 F{A) = = 0. Then there exists proper subalgebra C such 

that A = BUC.E BnC j^O,hy Theorem 3.1, C is elementary, and 5 n C C C, 
by induction, there exists Ci such that (S n C) U Ci = C and {BnC)nCi = 0, 
so S n Ci = S n (Ci n C) = (S n C) n Ci = 0. The proof completed. 

Theorem 3.2 An n—Lie algebra A over an algebraically closed field F of 
characteristic zero is elementary if and only if any subalgebra of A (including A 
itself) is complemented. 

Proof If A is an elementary n—Lie algebra, by Theorem 3.1 any subalgebra 
of A is elementary, and by Lemma 3.3, then A is complemented . 

Conversely, if any subalgebra B of A is complemented, then there exists a sub- 
algebra C of B such that B = ^{B)+C, it follows from this and from Proposition 
2.1 B = C, and hence $(5) = 0. 

Theorem 3.3 Let A be a nilpotent n—Lie algebra over the field F of charac- 
teristic zero, then A is elementary if and only if A is abelian. 
Proof This is an immediate consequence of Proposition 2.4. 

Theorem 3.4 Let A be a simple n—Lie algebra over an algebraically closed 
field F of characteristic zero, then A is an elementary n—Lie algebra. 

Proof From the paper [9], dimA = n + 1, let ei, • • • , e„+i be a basis of A, 
and the multiplication table as follows: 



[ci, ■ ■ ■ , Cj, ■ ■ ■ , Cn+l] 



i — 1, • • • , n + 1. 



(3.1) 



Denote 



C-i — Ci -\~ 6^-]-i, C-i — 6j 6^-|-i, % — 1, * • • , 71, 



then 



[ci, • • • , Cj-i, e'i, ej+2, • • • , Cn+i] 

[ci, • • • , Cj-i, Ci, ei+2, • • • , Cn+l] ■ 



= -ei 



■i-i 



hence 



= Fei H h Fei_i + Fe^ + Fe^+s + h Fe, 



■n+l-i 



2 < i < n - 1; 



>lr = Fei + • • • + Fei_i + Fe^ + Fe^+s + • • • + Fe„+i, 2 < i < n - 1; 
At - Fe'i + Feg + • • • + Fe„+i, = Fei + • • • + Fe„_i + Fe„; 
= Fei + Fes + ■ ■ ■ + Fe„+i, A„ = Fei + • • • + Fe„_i + Fd^; 



are maximal subalgebras of A., and 



n A~ = Fei + • • • + Fei_i + Fe^+a + • • • + Fe„+i, 
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where 1 < i < n, eo — e„+2 = 0. Therefore, 

n 

F(A)cf](AtnAr)^0. (3.2) 

i=l 

In fact, if a; e (1^=1 (A^ HA,"), then x e nf^^A^, set x = Er=i^Ajei. Since 
X e Af n Af_^i, l<i<n; then 

n+1 i— 1 n+1 

^ = I] ^iSj = ^ /^jCj + ^ /JjCj + A(ei + Ci+i), (3.3) 

j=l j=l j=i+2 

n+1 i n+1 

^^Yl ^3^3 = 5Z 13^3 + TjGj + 7i(ei+i + ei+2), (3.4) 

j=l j=l j=i+Z 

by ei, • • • , e„+i is a basis of A, we get 

— Pi — Aj+i = 7i+2 — Ai+2, i > 1, 

hence a; = X{J2i^i e^). Again from x e fllLi 1 < ^ < ^, a; e 

n+1 i— 1 n+1 

X = KY. ^3) = Y oij^j + 23 oij^j + - Ci+i), 

j=l j=l j=i+2 

SO we get 

A = Qij, A = -Qij, (3.5) 

by chF = 0, A = 0. Therefore, x = 0, and F{A) = 0. So $(A) = 0, and any 
proper subalgebra B of A, dimB < n. Since any proper subspace of B is an 
abehan subalgebra of B, hence $(-B) = 0. This proves the result. 

Theorem 3.5 If A is a strong semi-simple n—Lie algebra, then A is elemen- 
tary. 

Proof By the Proposition 1.1, /I can be decomposed into the direct sum of 
its simple ideals, from Theorem 3.4, A is elementary. 

Theorem 3.6 An E— algebra of n—Lie algebra A over the field F of charac- 
teristic zero is elementary if and only if A is ^ — free. 

Proof By Definition 3.1 and Definition 3.2, if algebra A is elementary, 
then A is $— free. 

Conversely, if A is $ — free, then $(A) = F[A) = 0, for any subalgebra B of 
A. By Definition 3.2, ^{B) C $(A) = 0, hence $(S) = 0. This proves that A is 
elementary. 

In the following, we shall give two examples to show that the algebras or 
$— free algebras may not be elementary n—Lie algebras. 
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Example 3.1 ^4 = Fei + Fe2 + Fe^ + -Fe4 is 4— dimensional vector space over 
F, ei, 62, 63, 64 is a basis of A, define multiplication table as follows: 

[e2, 63, 64] = ei, [ei, 62, 63] = 0, [ci, 62, 64] = 0, [ci, 63, 64] = 0. 

then F{A) = Fci, by Corollary 2.4 <I>(A) = F{A) = Fci 7^ 0, for any proper 
subalgebra B of A, dimB < 3, so F{B) = $(5) = C $(/!). This shows A is 
algebra but A is not elementary. 

Example 3.2 A = Fei + Fe2 + Fe^ + Fe4 + Feg is a 5— dimensional vector 
space over F, ei, 62, 63, 64, 65 is a basis of A, define multiplication table as follows: 

[e2, 63, 64] = ei, [63, 64, 65] = 62, 

the others are zero. Then A^ = Fci + Fe2 + Fe3 + Fe4, A42 = Fe2 + Fe3 + 
Fe4 + Fes, A3 = Fei + Fe2 + Fe3 + Feg, A44 = Fei + Fe2 + Fe4 + Feg, 
^45 = Fei + Fe3 + Fe4 + Fe^ are maximal subalgebras of A, and 

F{A) C f] A4, = 0, 

i=l 

but for the subalgebra ^441 of A, from the Example 3.1 $(Ai) = -F(Ai) = Fci 7^ 
0, this shows ^4 is $ — free but is not an elementary n— Lie algebra. 
In order to prove Theorem 3.7, we shall give the following result 

Lemma 3.4 // Ai and A2 are n—Lie algebras over the field F of charac- 
teristic zero and is a Lie homomorphism from Ai onto A2 with the kernel of 
^ contained m ^{Ai), then ^'($(/li)) = ^(/la). 

proof By Corollary 2.4, ^{A^) = F{Ai), $(^2) = ^(A)- Let M2 be a 
maximal subalgebra of A2. Then Mi = ^~^(M2) is a maximal subalgebra of Ai 
and ^{xi) E ^(Mi) = M2 for any xi E since this is valid for all maximal 

subalgebras in A2, then ^($(Ai)) C $(^2). 

Conversely, let X2 E $(^2) and xi E Ai such that ^{xi) — X2- Let M\ be 
maximal in A\^ then, since the kernel of ^ is contained in Mi, by Proposition 
1.2, M2 = ^(Mi) IS A maximal subalgebra in M2 and "^{xi) E $(^2) C ^(Mi). 
We claim that Xi E Mi. If xi not contained in Mi, then Ai = {a;i,Mi} and 
A2 = {x2, M2}. This contradicts ^(a;i) E ^'(Mi). Hence, Xi E Mi for all maximal 
subalgebras Mi of Ai and xi E ^{Ai), therefore X2 = *(xi) E "^{^{Ai)) for all 
X2 E ^{A2) and ^{A2) C "^{^{Ai)). The proof is completed. 

Theorem 3.7 An n—Lie algebra over the field F of characteristic zero is an 
E— algebra if and only ifA/^{A) is elementary. 

proof Let A is an algebra and let tt : A — > A/^{A) be the natural 
homomorphism, then ^{^{A)) = 7r($(y4)) = 0. Let ly be a subalgebra of A/^{A) 
and let W be the subalgebra of A which contains and corresponds to W, 
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that isW ^ TT-\W), since A is an £;-algebra, ^W) C if ^W) = 

then <^{tt{W)) = 7r(<l>(l^)) = 7r($(A)) = 0, suppose then that $(1^) C <^{A), 
then for W, there exists a subalgebra K of W such that = ^{L) + iT. Let 
T be a subalgebra of W such that T/$(A) = If T/^A) 0, then 

T^T+ + /s:) = (T n <I>(A)) + (T n ir) = + (T n K). Consequently 

there exists an x e T n x ^ *(^)- Since C ^ and there 

exsits a maximal subalgebra 5* of such that x ^ S. We claim that either 
^(A) + S = W or ^{A) + S is maximal in 14^. Suppose ^{A) + S ^ W and 
J be a subalgebra of W which contains + 5*. Then S <^ J H K, so, by 

the maximal of 5", either JnK^SorJnK^K. U J n K ^ S, then 

+ 5 = + (J n /c) = J n ($(A) + ir) = J n 1^ = J. If J n = 

then J ^ K and , since J D ^{A), J D ^{A) + K = W, hence J = W. Hence 
there exists no subalgebras of W properly contained between + S and W, 
hence either + 5" = or + 5" is maximal in W. If + 5" = ly, 

which contradicts with + K = W, if ^{A) + 5 is maximal in W, then 

+ S/<^{A) D $(Vr/<I)(A)) ^ T/$(A). Hence T C + S. Since 5 C 

+ SandxeTnKcTC + 5, = C_$(A) + S. Then 

= + C + 5 C W^, a contraduction. Hence ^W) = T/$(A) = 0, 
A/^{A) is elementary. 

Conversely, If A/^{A) is elementary, then 7r($(if)) C $(7r(if)) = for every 
subalgebra H of A, then ^{H) C $(^) for every subalgebra of A. The proof 
is completed. 

Theorem 3.8 Let A be an n— Lie algebra, then the following statements hold: 

(1) A contains a unique ideal, E[A), the elementary commutator of A, such 
that E{A) is contained in every ideal B of A for which A/B is elementary; 

(2) C E{A) C S{A), where S{A) is the intersection of the maximal sub- 
algebras of A which are also ideals of A; 

(3) E{A) contains for all subalgebras B of A; 

(4) A is an E— algebra if and only if E{A) = ^{A); 

(5) E{Ai ® A2 ® ■■■ ® Am) = eIAi) e E{A2) • • • © E{Am), where A^, 
i = 1, ■ ■ ■ ,m are ideals of A; 

(6) If A is not elementary, but every proper homomorphic image of A is ele- 
mentary, then A possesses a unique minimal ideal; 

(7) if K is an ideal of A, then E{A/K) = {E{A) + K) /K. 

Proof (1) If Si and B2 are ideals of A such that A/Bi and A/B2 are elemen- 
tary, then A/Bir\B2 is elementary, so, simply takeS E{A) to be the intersection 
of all ideals B of A such that A/ B \s elementary. 

(2), (3) By Proposition 2.2, the results (2) and (3) hold. 

(4) By Theorem 3.7, we get result (4). 

(5) The proof is similar with Theorem 3.2 (3). 

(6) By the definition of E{A), E{A) is the unique minimal ideal. 

(7) We have {A/K)/{{E{A) + K)/K) ^ {A/ E{A))/ {{E{A) + K/E{A)), by 
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Proposition 2.2, which is elementary. Thus, E{AlK) C {E{A) +K)lK. Set 
E{A/K) = B/K, then A/B = {A/K)/{B/K) = {A/K)/E{A/K) which is ele- 
mentary, it follows that E{A) C B, and hence that {E{A) + K)/K C B/K ^ 
E{A/K). 
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